Ph2a Online: Midterm Exam

Solutions

1 Gotham needs your Ph2a skills

Part (a)

As always, we guess a solution of the form z(t) = e™. Plugging this into the differential equation, we get

d2 rt d rt 2 rt
a(e )+7%(e ) +wie™ =0 (1)
r2e™ 4 yre™ 4 wie™ =0 (2)
(r2 + 7+ wg) et = 0. (3)

The solutions to the characteristic equation 72 + yr 4+ wg = 0 are

=y EV? - Awd
o 2

(4)

r

which results in two solutions to the differential equation, e™* and e"?!. The general solution is any linear
combination of the two:
.’L‘(t) = Clerlt + Cgemt (5)

For light damping (v < 2wp), /72 — 4w? is imaginary, so r; and 7y are complex. For heavy damping
(v > 2wp), /72 — 4w is real, so r; and ro are real. For critical damping (7 = 2wp), the 11 = 72 so the

general solution is a linear combination of "¢ and the special term te™:

z(t) = Cre™ + Cote™ (6)

Part (b)
For heavy damping, the motion is given by

e~y — 2 _ 2 _ /~2 _ 2
a:(t)Clexp< 2 7 4w0t>+02exp< s ; 4w0t>. (7)
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By matching this with equation (3) in the problem, we have

:7+\/72—4W3 (8)
2

Y= V* — dwf
{1y = TE— (9)

M1

As specified in the problem, we have chosen the variables such that —p; is more negative than —ps, so

1 > p2-



Since p1 > po, the term Cjexp (—uit) decays faster and becomes negligible for ¢ — oo, and then the

solution becomes proportional to exp (—puat).

Part (c)

For critical damping, the motion is given by
x(t) = C1 exp (—wot) + Cat exp (—wpt) . (10)

For t — oo, this solution is proportional to exp (—wpt).

In the heavy and critical damping cases, the mass never actually reaches the origin, since the decay
is asymptotic; we would like to prove that eventually, the critically damped mass will be closer to the
origin than a heavily damped mass with the same initial conditions. This means as ¢t — oo, we have

exp (—wot) < exp(—pat), which is true because

v > 2wo (11)
dwoy > 8w (12)
—4wd > —dwoy + 4w (13)
72 — 4w > 42 — dwoy + 4w (14)
7? = 4w > (7 = 2wp)? (15)
/72— 4wd > v — 2wy (16)
— 2 _ Aw?
wy > L 72 ud (17)
wo > 2 (18)
The square root operation from (15) to (16) is permissible because v — 2wy is positive.
Part (d)
For light damping, define ia = /7?2 — 4w?, where « is a real number. The motion is given by
O 1Y 1Y
t)y=0C - - — C =+ = 19
o) = Croww (-3 -5 )+ Coeso (-3 + 5 ) (19)

— exp (—%) {Cl exp (—?) + Cyexp (f)} . (20)

We recognize this expression as a sinusoid multiplied by a decaying exponential envelope. In light damping,

the mass will reach the origin but repeatedly overshoot it; we characterize the speed at which the mass settles

to the origin by the speed that its amplitude decays, i.e. we look at the exponential factor exp(—~/2).
Since v < 2wyq for light damping, v/2 < wy. Therefore, as t — 0o, we have exp(—wot) < exp(—v/2).

2 Let’s damp together!

(a) We are given the force equation for mass 1:

mid + 719301 + k(z1 — x2) + miyay = 0. (21)



The other force equation is:

Mods + 729301 + k(z1 — x2) + myyay = 0. (22)

Then (dividing these equations first by m; and ms) matrix D is:

2+9 4k d _ Kk
D:<t+€+fgl+%t m . (23)

e di +§ + 5y + 2ds

ma

Now we try a solution of the form:

z(t) = Ae™?, where A = <j1> . (24)

2

Substituting in to the differential equation Dz = 0 gives:
—Wt G g e — A _ (25)
—x W+ 4 iyaw ) \ A
Note tht this is no longer either a real nor a symmetric matrix. But plunge ahead.

What is the condition on the matrix you found in part (b), such that there is a non-trivial solution for
A (ie., A # 0)? Note that if we have a matrix equation Mz = 0, and if M has an inverse M1, then
we could multiply by M ~! and find:

r=M*Mz=0. (26)

Therefore, for z to have a non-trivial solution, M must be singular, det M = 0.

Thus, det D = 0, and we obtain

k k k k
<w2 +24 2y z‘vlw> (w2 +24 5 m2w> - () <) = 0. (27)
Y4 mq l mao mi ma
Consider here a subcase, with additional symmetry. Suppose m; = mo = m and v; = v9 =~. We have
now )
k k k
—w2—|—g—|———|—i’yw —w2+g+—+i7w -{—] =0. (28)
L m L m m

for w. This is much easier, giving the quadratic pair of equations

k k
—w2+g+—+i'yw:ﬂ:—. (29)
{ m m

Solving these two quadratic equations, and using

wi=g/t and w3 =g/l +2k/m, (30)

2
w'li:z%:l:\/w%—( )

wéi:i%i w2 —

we obtain the four solutions for w:

(31)
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Express your answer in terms of the eigenfrequencies w; and wsy of the undamped coupled pendulum

that we determined in class. There should be four solutions in all.

(e) Noting that the only addition to the problem without damping is a symmetric damping on both masses,
the normal coordinates still work (the only difference is that now the motion is damped), the general

solution for the motion is thus:

2
z=e 2 {Bcos w?— (%) t+ o1

<1>+CCOS[ w3 (%>2t+¢2

The four integration constants are B, C, ¢1, ¢o.

(f) At t =0 we have the initial conditions:

2(0) = (8) . @(0) = (g) . (33)

The initial condition on the position, 2(0) = 0 is satisfied by letting ¢1 = ¢ = +x/2. Thus, we may

2 1 2 1
2 (2 . 2 _ (7
w7 (2) t] <1> + Csin |4/ w3 (2) t] <_1>}. (34)
We differentiate to get the velocity:

() = —%x(t) 4 et/ {Ba cos at (1) + CBcos St (_11> } , (35)

where we have for convenience defined

write:

z(t) = e 1?2 {Bsin

Then, at ¢ = 0, we have

Therefore,
B=— and C=—. (38)

Then the solution for x(t) satisfying the boundary conditions is:
sin [1/w? — (1)215 sin [1/w3 — (1)215
[R—p ! 2 1 2 2 1
(t) =5e” +

wi-(3?® M
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3 Sports Station, Weather Station
a)

We are given an LRC circuit with the signal from a radio station acting as an AC power source. By
Kirchhoff’s Loop Rule, and using the voltage relations for individual components Vg = IR, Vi, = LZ{ ,
Vo = &, we can sum the voltages to find & + LdI + RI = ¢g cos(wt), where ¢ is the amplitude of the signal

and w =27 f.



We want an expression just for Vi, so we can substitute Vo = and G = I to get the differential equation

V + LCV + RCV = ¢ cos(wt). Rearranging yields V + 4V + wOV = focos(wt), where v = %, wo = \/%,

fo=1& = eowi.
If R is small, then we have an underdamped system. Referring to section 3.2.2 of the text and the light
damping solution eq. 2.8, we find the general solution to be V(t) = Be~ 2% cos(wit + ¢) + Acos(wt — §),

2
where wy = (/wi — (3)%, A = \/%, tan(d) = ﬁ, B, ¢ some constants determined by initial

conditions. Notice this solution’s first term decays away and is derived from the solution to the light damping
case, while the second term is the long-term performance of the circuit after the decaying term dies out.
Thus for large ¢, the amplitude is just A, which is defined above.

b)

At large t, we just want to find the maximum of A with respect to C' to determine the place of maximum
: _ eowy : _ 2 _ 1

response. Looking at A = \/(WT%’ we can see that only wg depends on C'. If we write z = wy = 15,
then we can maximize A? with respect to x and deduce the optimal C from that.

d A2 o etz? _ 2e¢pz((w?—2) 4wy 426022 (WP —2)

- dl (w? —w)z-irvﬂw2 - (w2—2)?w2y?)?

x)? —i—w 2) + 2222 (w? — ):00rw4—w2x+w2'72:Oorx:w2+v2 Then %:wZ—i—vQ

For small R, we also have small v, which would indicate %W R F = LC. Then C =~ L +— is the optimal
value of C for maximum response. Note our approximation that w? + 2 ~ w? = % implies w &~ wy when

2 _

. Setting this equal to zero yields 2e3z((w

wp is set at the maximum response.

c)
Since we're operating at maximum response, we can make the approximation that wg ez ~ w. The

[S01%%

maximal amplitude, then, is =2, which is found just by plugging in our approximation to the formula

from part a for A. Then we want to find what frequency wg such that the amplitude at this frequency is

2
Aoz = % Using our expression for A, we can write \/(wZ—ewO:J)Oerw = = a?w.
Now we’ll square both sides and simplify to get vwi = a?w?((w? — wd)? + w?y?) or (W? — wd)? =
5 W:’JZ w?y? = (L (22)? — 1)w?y%. We now recognize that the quality factor Q is proportional to R~

and so since we have small R we have high @, and thus this peak is tight. Then we can approximate ¢ ~ 1.

Thus we have (w? — w3)? & (& — 1)w?y? or w? —wi ~ £/ L — lwy.

Then we can solve for wy and we get wy ~ \/w2 + 1/; — lwy = w4/1 :I: % But we know ~ is
small, so we can approximate the outer square root. Then wy ~ w(1 £ 1 . Since we started at w,

then Awg ~ 74/ = = 1l= %, / =5 — 1, and this is the change in wy requlred to decrease the amplitude by a
factor of a.

(d)

Given the existence of a boring weather station with a broadcasting signal frequency f’ = 1.002f with the
same amplitude €y s the sports station, we can compute the voltage across the capacitor as a function of

time via a second-order ODE that takes on a similar form as the one used in part (a):
V 49V 4+ WiV = focoswt + f' cos(w't + 6) (40)

where W' = 27 f’, ~ wy = \/%, fo=1% = eowd and we use linear theory for the approximation.

_R
=&

Note the familiar form of this ODE. We can solve it using our previous knowledge of the general form
of such an ODE and yield the following solution (Similar process of deriving the general form was used in

part(a) and also in the derivation of eq. 2.8.). The solution to the ODE takes the following form once we



continue to use the solution derived in part(a) and consider the additional source term in the ODE:

V(t) = Ce /2 cos(w't + ¢) + Acos(wt — 8) + A cos(w't + 6 — &) (41)
where we have
Al = fo (42)
\/(wl2 _ w%) + w242
tan & = wgij? (43)

We can similarly analyze the solution by considering that the first term decays away and the rest is simply
derived from the light damping case, while the second and third term shows how the RLC circuit behaves

even after the first term vanishes at large t.

(e)

We will start off by considering what quality factor we need for the noise to be at most 1% of the signal

using our results form part(c):

w 1
Awg~ —1/ —= —1 44
wo 2Q V a2 (44)
This will naturally lead to the following calculations of the quality factor needed for this case:
A
20 W —w (45)
2
@ 10002 (46)
20V ooz T
99
= — 47
= Q=500 (47)
~ 25000 (48)
Now, we know what Q value we need, we can now shift our focus onto the RLC circuit provided:
wo
Q=2 49)
5 (
1 /L
=—\/= 50
z\V e (50)
Lw
= — 51
= (51)

Therefore, we have R < % o~ 25Lo%0 as desired.




